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THE MATHEMATICAL THEORY OF THE TOP 
By A. G. GREENHILL 


INTEREST of mathematicians in the theory of the spinning top was stimu- 
lated by Professor Klein’s Princeton Lectures in 1896, where he brought for- 
ward the application of his functions a, 8, y, 6, detined in terms of Euler’s 
angles 0, ¢, ~ by 

a= cos$@ eet, 6 cos $6 eb(—¥— 8, 


8 =7sing@ eb+—%', y= sing@ e—¥ +4, 


which give the complete solution in terms of multiplicative elliptic functions 
of the motion of any point of the symmetrical top; and the theory is receiving 
its complete development in his work: Die Theorie des Hreisels, written in 
collaboration with Dr. A. Sommerfeld. 

In a note, communicated by Dr. Carl Barus to Science, Dec. 20, 1901, 
[ submitted a method of arriving at the motion of the axis of the spinning top, 
applying Poinsot’s principle of Angular Momentum and the Hodograph. 

It is proposed to resume this treatment in the present article, and to carry 
on the analysis to the construction of a number of cases in which the results can 
be expressed in a finite algebraical form, and thus to explore the general ana- 
lytical field along the easiest lines of progress, which we take to be those on 
which the parameter which makes its appearance of the Elliptic Integral of the 
Third Kind is a simple aliquot part of a period, and thereby Abel’s theory can 
be utilized of the pseudo-elliptic integral.* 

Some cases of this kind have been investigated already in articles in the 
Proceedings of the London Mathematical Society,t vols. 26 and 27, and il- 
lustrated by stereoscopic diagrams drawn by the late Mr. T.I. Dewar: but the 


degree given there of many of the results may be halved, so the investigation 
is resumed, and the analysis simplitied, the notation also being selected care- 
fully and illustrative diagrams added, drawn accurately to scale to represent 


an actual case of motion. 





* Abel, (Eurres, vol. 1, p. 104, vol. 2, p. 87. 
+ Abbreviated in the sequel to L. M.S. 
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1. The top is supposed to be symmetrical about its axis, and spinning 
with its point in a small, smooth cup OV, like the Maxwell top ;* as his appara- 
tus is no longer procurable, a bicycle wheel, as in figs. 1 and 3, will be found 
effective for experimental demonstration. t 

The physical constants of the top are given in C. G. S. units by 

(i) the weight Win grammes (g), as weighed in a balance ; 

(ii) the distance / in centimetres (cm) between the point O and the 
centre of gravity, and then Wh (g-cm) may be called the preponderance ; 

(iii) C, and A,, the moment of inertia (g-cm?) about the axis of figure 
OC’ and about any axis through 0 at right angles to OC’. 

The moment of inertia 1, can be measured experimentally by swinging 
the top, without revolution about OC’, as a plane or conical pendulum, and 
observing the length 7 (cm) of the equivalent simple pendulum, or the angular 
velocity n (radians/second), or period 27/n (seconds), when swung without 
rotation as a conical pendulum of small angular aperture ; then 


(1) l= a , A, = Wl, 
tela me. 
(2) n == A, 


2. Now spin the top about the axis OC’ with angular velocity R 
(radians ‘second ) —this can be done by means of a stick inserted between the 
spokes of the bicycle wheel—and denote the angular momentum CJ? by G’ 
and represent it by the vector OC’; this component OC’ of angular momen- 
tum G@’ about the axis OC" will not be altered by any motion of the axis. 

This statement requires closer examination ; so hold the axis OC" of the 
bicycle wheel in fig. 3 in any position, and then move it round in any closed 
path back again to its original position, previously marking one of the spokes. 

If the wheel is spun with angular velocity 72, 


dd cs dy _ 
(1) ag + 0089 a =f, 
so that 
(2) +4 = kes [ver Ody, 





* Scientific Papers, vol. 1, p. 246. 
+C. T. Knipp, The Physical Review, vol. 12, 1901. 
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and in a closed path the last integral is the area a cut out on the unit sphere 
of centre O by the axis OC’. 

If the axis is held fixed again, the wheel in the absence of frictional 
resistance will continue spinning with angular velocity #, but the marked 
spoke will have acquired an angular lead a of its position if OC’ had been 
held immovable from the first. 

This is shown experimentally with great clearness when the wheel is not 
spun, so that # = 0, as in the Spherical Pendulum case. 

3. If the vector OH represents the axis of resultant angular momentum 
H, when the point O is placed in the cup and the axis of the top is projected 
in any manner, O// will have components expressed in Euler’s angles @ and 
by (figs. 1 and 2) 


(1) OC =G', C'K =A, sino“ ad 


rik NH = A, 77h 

In accordance with the Principle of Angular Momentum the velocity of 
// is in the line A// parallel to the axis of the torque of gravity, and therefore 
perpendicular to the vertical plane OC’, so that // will move horizontally 
and describe a curve in a fixed horizontal plane at a constant height OC 
above QO, the vertical vector OC representing the constant component G of 
angular momentum about the vertical. 

The velocity of /7 is also equal to the torque of gravity, 


Woh sin@ = A,n? sin@ (dyne-cm) ; 


that is, the hodograph of //, turned backwards through a right angle, is simi- 
ar to the curve described by 1e projection o 10rizon lane of a 
lar to tl described by 7, the projection on a horizontal pla f 
point on the axis of the top, such as C’’, and the hodograph vector is 


A,n?sin@ e*'. 
Denoting the polar coordinates of // in the horizontal plane C//A’ with 
respect to the origin ( by p and @, so that the vector C'J// is given by pe*, 
its vector velocity, turned backwards through a right angle, is 


Se wd i 
(2) A,n? sin @ e =— ts (pe), 


by which the projection P of C” is derived from the curve of // by means of 
a simple differentiation; and this holds also for the general unsymmetrical 
top, provided we can determine the curve described by //. 
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STEADY MOorTion 


4. In Steady Motion, dé/dt=0, H and A coincide, and CA = p; 
denoting the constant precessional velocity dy/dt by uw, then the gravity 
torque being equal to the speed of //, 

(1) A,r? sin? = pp = (OC' sind — C’' Hh cosé) pu 

= (C,R siné — A, sin#@ cos 8) py; 
and dropping the factor sin@, 
(2) Ay? cos 6 — C7iRu + Ayn? = 0, 


C\R — som i # : 
(3) as cos@ + tae 2Vcos 0+ (, - cos@ \ 


n\? 

a 

a quadratic for » when # and @are assigned for a given top; and the reality 
of the roots requires the condition 


(4) C\R > 2 Aynycos8. 
Interpreted geometrically in fig. 1, 

A,n? sin 0 O'R 
(9) = On ~ Asind’ 

(6) KC . KC' = Ajn’ sin?6, 

(7) AM. HN= Ain’; 
or if C’A cuts the vertical OC in Z, and the mid-point of C’L is denoted 
by £, 

(8) CH — Ek*= C'h . KL = Ajn’ sin®@ tané. 


There is a second position of A, at 4), and a corresponding second value 


#, of wu, the larger root of the quadratic (2) for 1; and the critical case occurs 
when LA = 0, and 


(9) C'E? = 4C'L* = $00" tan?6 = Ain? sin@ tan, 
CR 


Ayn 


(10) Ci? = 4Ajn? cos8, = 2ycos8, 


as before in (4),and now the quadratic in » has equal roots 


2 Ayn? 


(11) ie wae ‘ 
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When the top is spun rapidly and C,/A,n is great, 1 is close to C’; and 


we can take ; 

(12) Ayn? sind = p-HKC=yp- OC’ sind = CO, Ry sin, 
A,n? 

(13) “= TR’ 

one half the value of » in (11) ; the other value u, being great, A, being close | 

to L. j 


5. To gain some idea of the effect of friction, in causing the axis of the 
top to rise or fall, suppose the axis of resultant angular momentum to change 
from OX to Ok in consequence of an impulsive couple Ak in the vertical plane 
KOC; and now calculate the couple Y which, together with the gravity couple 
A,n* sin 0, is required to keep the axis OC'' moving at the same inclination 6 to | 
the vertical. 

Then in fig. 1, 

(1) A,n? sind + Y ” ck 
ck A,sin 0’ 
(2) ck. ke'= Ajn? sin?é + A,Q sind = CH - HC'+ A,Q sin@, 











(3) Ai’ =km-kn-—-KHKM.KN; 
sin@ 

so that Q is positive, and the axis requires to be held down in opposition to 

its tendency to rise, when Ak is towards the concavity of the hyperbola AA, 

having the asymptotes OC, OC’; and vice versa. 

The resistance of the air for instance to the motion in azimuth may be con- 
sidered to act as a couple with axis in the direction ZC’; so that it will cause 
the axis to rise or fall according as OA, or OA is the angular momentum 
vector. 

On the other hand the couple of resistance to spinning will have its axis 
in the direction CO, and will cause the axis to fall in both cases. 


ws 





UnstTEApY MorTion oF THE Top 


6. Returning to the general case of Unsteady Motion, and resolving the 
velocity of the vector O// in the radial direction CH, 
dp KH 


— r : . Wh — 3 ot bacasbounad 
(1) “= Wah sin@ cos CHW = A,r? sin@ - 


‘ dp owe “17 = Ain? sing 2° 
(2) Pa = Wah sin@- HH = Ajn sind —, 
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and integrating, 
(3) $p? = Ajn*( EF — cos@), 


where J£ is a constant. 
This relation is also obtainable from the principle of the Conservation of 


Energy ; the sum of the kinetic and potential energy being constant, 


2 2 
od + 4A,sin* gay + 4Cyl? + Wah cosé = Kh, 


(4) $A, or 


a constant; and thus 


(5) pt? = C'H? = A} 


de dy? 
1qA + hd 


Aj sin?8 a = 2A, Woh(D —cos@), 


where 

(6) A, WohD = AW — $A,C, 2°; 

also 

(7) P—p° = CH? — C'H? = CK? — C'h = OC? ~ 00? =G" — G?, 
so that 

(8) p? = 2A, Wyh (D — cos0) + G” — GP = 2Ain? (EF ~ cos), 


where 


(9) 


(10) 


suppose ; and then 
(11) OH? = 2Ajn? (F — cor). 
The quantities G, G’, D, FE or F' may be called the dynamical constants of 
the problem, as contrasted with W, 4, A,, Cy, n, the physical constants. 
7. To make the equations homogeneous, put 
(1) OC =8 OC'=8, 4A, Woh = 4A? =P: 
so that 
(2) p? = $h2(E —cos0), O/P = $h2(F — cos), 
and 
§2 


(3) H+ 2p a +25 =F. 
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Denoting the perpendiculars (‘A’ and C’A from Cand C’ on the tangent 
at // by p and p’, 


(4) 8’—Scosd=psiné, §— 8 cos@ = p' sin#@; 
also 

2 _ 972 “a 2 _ 972\2 
(5) cosé = age ee , sind= ni tia ' 


so that, eliminating 0, 


17.2 2 D9n2\ 12 
. pe ME sy 
Otherwise, 
(7) cosé = E~2% = ~sa 
with 
(8) OR* = p? + & =p? + 8"; 


so that, eliminating p’, 

2 
(9) [(p* + 8) (B28 — 88°]? = p*p™ = p%(p? + & — 8%), 
and dividing out a factor p? + 8, 


2, 2 2 
(10) (p? + &) (z —2%,)- 268'(E - 2f3) — p+ d= 0, 


[e-8(2-o6)] 


(11) p= ae ~(e—28y 
- 


+ 8" — 288(F- 2S 


1-(F- a) 
k2 
This is found to represent the characteristic property of a Poinsot her- 
polhode, the curve produced by rolling a quadric surface about its centre, 
which is fixed, ona fixed tangent plane(the invariable plane) : as for instance 
in the motion of a body tossed in the air, when the momental ellipsoid at the 
centre of gravity rolls about the C. G. on a plane at a fixed distance from the 
(. G., the plane remaining perpendicular to the axis of resultant angular 





as before ; or 





(12) Oh? = 





a ee ae ae ee 
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momentum of the body ; this is shown experimentally in Dr. Hermann Grass- 
mann’s Modelle zur Hreiseltheorie, constructed by Martin Schilling, Halle a. S. 

In the terminology of Routh’s Rigid Dynamics, vol. 2, §175, OC is the 
invariable line, and OC" the conjugate line. 

The same equation (6) or (12) defines also the trace ofa rolling line of cur- 
vature, the intersection of a concentric ellipsoid and confocal hyperboloid of two 
sheets, and then 6 will be the variable angle between the generating lines through 
H of the deformable confocal hyperboloid of one sheet.* 

The same curve is also the projection of a tortuous Elastica, as a conse- 
quence of Kirchhotf’s Ainetic Analogue ; and the spherical curve of C” is a 
hodograph of the Elastica, described with constant velocity. 

8. Then 


(1) KH? = p* — p* = : 


it (ER oa 2p? )?” 





where 
(2) R= pit — ( Ek? — 2p?)?] — [8 k? — & Eke 
= 4(pi — p?) (p2 — p*) (ps — P*) 
suppose, with 
(3) pi<%<pr<p?<p3: 
and now 
dp* 


(4) or = 2A? sind - HH = ; yi, 


(5) nt= [a 
J, YER 


an elliptic integral of the first kind. 
Also, denoting the angle ACH by y, 


. (p> — p*) RR 
(6) ine ae Se ww = —_ 
. p Sk? — 8( Ek? — 2p*) * 
Oh? — 6( Ek? — 2p*) + iy Re 


sin@ ext = 
kp 


AIP = CIP ~ On. 


(G' — G cos6)? 


5 = 2An?(E _ cos@) _— in20 
sin* 





*Cf. Darboux in Despeyrous’ Cours de mécanique, vol. 2, p 922 
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and putting cos 6 =z, 


dz —_— 
(10) da =?" Z, 
where 
G' — Gz? 
l Z= — — Ne ER 3 ei 
(11) Z = (E—2)(1—#) -4(—*) 


= (E—z)(1—2) — 2(—=). 
Denoting the roots of Z = 0 by %, 22, 2s, 
(12) 42+%2%+2,=F, 
and arranged so that 
(13) 4%>1l>m>z>2z>-—1, 


then with d@/dt positive and dz/dt negative, as in fig. 1, 


2 dz 
(14) n= [ V2Z)’ 


an elliptic integral of the first kind, reducible to Legendre’s standard form by 
the substitution 








(15) z= 2 sin’¢ + 23 cos*¢, 
so that 
(16) 2) — 2 = (2, — 23) A®g = (2, — 23) (1 — & sin?¢), 
zy — 2 = (2) — 23) c08*¢, z— 23 = (2% — 23) sin*¢ 
e_“2—% 2 3 % 
- Sa. 6 Ss 
21 — 23 3— % 
and 
[ide x a 
(17) at= am _ = V (i _ F¢) , 
Vz —2; p =F 2) — 23 
’ . m eee 23 
(18) Fe = W — mt, where— = 1 = , 
’ n \Y 2 


Then in Jacobi's notation 

(19) ¢g =am(/t — mf), 

and, in Gudermann’s notation, 

(20) z= 2, sn?( HW — mt) + 2; en*( A — mt), 
and so also 

(21) p* = p; sn*(/v — mt)+ pi en?( A — mt). 
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Interpreted dynamically, equation (20) shows that the axis of the top 
keeps time with the beats of a simple pendulum of length 
a i 
~ (2, — 23)" 
suspended from a point at a height 4(z, + 23)! vertically above O, in such a 
manner that a point on the pendulum at a distance 


r 
L 
from its point of suspension keeps at the same level as the point on the axis of 
the top ata distance / from O, the point of support of the top. 
9. Next resolving transversely to ('//, or taking the moment of the 


velocity of /7 round C, 


(22) L 


(23) ’ x= 4(z,—2%)l= 


. ad . 
(1) p— = Ayn? sin 06.ChH = A,n?( GG’ — G cos 0) 
Gp? rane . 
24, 7 Ayn?(GE-—G’'), 
so that 
(2) dw ‘a G = Ayn? (GE G’) 
| dt 2A, p" , 


‘ndt 8 °(8E — 8 )k*dp? 
=znt-3] yh 





Gt 





= =~ £ G iS aw CS’ 
(3) w aA, {n(GE )| 


involving an elliptic integral of the third kind. 
The reduction to the standard form is effected by putting 


J Ps 


(4) «4, =9M%(2—-2,) = PF, a= l, 2,3, 
where .V/ is a homogeneity factor at our disposal; and now from (5) or (14) 
in §%, 

. rs Mis 

(5) nt = ‘ ys” S = 4(8 — 8,) (8 —8,) (8 — 83) ; 


and Weierstrass’s elliptic argument ~ is given by 


: * ds fea #3 rj 
(6 “= 2 = _ = 
; | ys | . | — 


so that s is an elliptic function of « which we can denote by s(1), differing 
from Weierstrass’s function gu by a constant, while ySis — glu. 
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Ifv, o or 8(v), = or S(v) denote the values of u, s or s(u),S or S(u) 
corresponding toz= EF, p*=0, 





















2 ry Fi 
(7) gv —gu=o—8s= 3M? (E—2z) = Mr, i 


' R 
(8) eu = S=4M*Z= M® ja} 


~~ 5E — 8! } 
(9) — ig’ = y— = = i g 


and the order of arrangement is 


(10) 2 > E> Rs > 2> 235 
(11) pi< 0 <pi< p< pi: 
(12) 8) > Co >& >8 > 83; 


so that, f denoting a real fraction, 
(13) v= @, + fo;, or A + fH", 


as it may be written when the argument uw or v is supposed to be normalized 
into Legendre’s form. 


We may denote V — = by 2(Q(v) and now (3) becomes 


_ 8 * Q(v)ds 
(14) oz, ua — (e—8)yS" 








10. We choose as the standard form of the corresponding elliptic in- 
tegral of the third kind, 








‘ss > ) — § ( } 1; 
(1) Ke) = | P(v)(o — 8) + utr) Se | 
I, o—s > 5 
where /?(v) is a function chosen so as to make 
(2) I(v) =s7lo re + *) ‘| 


14 * ce, ’ 
O(u —v) 
when uw and v are normalized to Legendre’s form; and thus 


(3) ‘P(v) = e v.— fv, 


3 
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and in terms of Jacobi’s Zeta function, 
P(v) 
y (81 — 83) 


(4) = Z( fh", «') = znfh", 


in Glaisher’s notation. 
Now 
‘“ $ “8: ls 
(5) o = 7. mt — Pv) | laa 
(6) I(v) = pt — @, 
where 
" p_s P(r) 
) :r = 
It is convenient to write 7, P, Q in the sequel for /(v), P(v), U(r) ; 
also to put 
2 
(3) rao—s=$3M(E-2)= ME, 


and, following Darboux, to put 
(9) 


(10) 
so that 


(11) ae, aint [a 
Je, Je, VX" 


(12) = 4(%,-—2r)(4—7,)(4%—%7}), 
= 4(— 2° + Ax? — Bre —- () = S=3M°Z, 
¥y<U< Xe << Xe; 
L,— 2 = (rz — 2,)sn*(A — mt), 
L— 7, = (43 — F,)en* (NW — mt), 


r— ©, = (73 — 7,)dn*?(A — mt), 


: a 
mt = Vt, — 2; YW 


fe [= Pr+Q dx 
- Jr, x y-\ 








Now, with 


LP _p L* 
(16) 4+%+%~=F= +2 a= +255: 
(17) 39N= 4% +%,4+%=>A=35M(BE- F)=ME- LT, 
(18) ME = 1? + A, 
(19) M?F = 3(L? + gv), 
(20) M?z = M@E-22=L?+A— 2x, 
palate 8 8 
(21) — ig'y = y(— 4aymm) = 2Q= M*(ET-F 
LEN oe -_ 
= ¥3 (45-7 = WEL-— M*L', 


(22) M*L’=MEL—2Q= 134+ AL — 2Q= L' + 3Lev + we’, 
(23) 2e"v = 4( xq x3 + Hgx, + X_)=— 4B = M(B E*—-2EF 4+ zo2% + 22 + 2420) 


Poo 
= M(B - 4E 5+ 455-1) 


= M4( E*-—1) —4LM?(LE — L') = MY £*—- 1) — 8LQ, 
so that 
(24) M‘ = (1? + A)?— 8LQ — 4B, 


thus determining the homogeneity factor .V when the data are Z and o = s(v) ; 
and now 








7 G nn 2 
(55) 2An k WM’ 
(y! x L' —2 
(26) fae 0 oe we oO E 
oAn EW VE 


1l. The angle y, defined in (6) §8, is also given by 


. dé 
<A, sind7, 














_ KH _ Any2Z 
(1) ee Ch CHsin@ G— G: 
9 L —— 4 iy2Z 
(2) sin @ ext = ne ’ 


V[2(4 -2z)] 
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2Z = 4X/M*, 


2(E — 2) = 42/M3, 


$M? sin 6 ex’ = Le ~ + tt. 
\~ 


Sa ac _ Ar? — >. 
(3.7? sin@)? = (Lx - _Q)? - x = le 5 Be - YG 


=—2LQ0-—B+4+ (LL? 4+ Ajz — 2’. 
Combined with the relation 
(3) ($M?z)? = (§(L? + A)— x)?, 
we obtain by addition 
(9) 4.M'=3(17 + A)? —-2L0-B 
as before, in (24) §10; and this can be written 
(10) Mt = (1? — 1 + 2, + 25)? — A(LY — 2, + Vay75)? 
(L? + Hy — Fy + Fz)* + 4( Ly ©, ~ f — 245)? 
= (L7 + 4, + 2% — 73)? + 4 Ly +3 - V— 2 X_)?. 
12. Putting 
(1) % = ché,, 2, = €088,, 2 = cos@,, 0,< 0 < A, : 


(2) M?ch 6, = L — I, + Sy + Tz, 
so that 


(3) Mish? 6, = (L*? — 4, + 4, + t3)? — Mi = 4( Ly- Fy + 243)", 


(4) $.M?shé, = Ly — 4 + Vor 2y: 


3 
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and similarly 


(5) $.M*sin@, = LY x, — ¥ — 2,25, 
(6) 4.M?siné, = LYx, — V —2,%, 
(7) M?cos0, = L? + x, — 22. + 23, 
(8) M*cos0, = L? + x, + x2 — 23. 


13. Now, with 





y* _P 
(1) M7 BE 
(2) X=o-y, I=pt— ao, 
we obtain 
(3) pM? sin detrt—vi = 22 —@ + BX 


yz 
_ be-@+t BV X Pays 
= E : 


x 





and thus the vector of the horizontal projection P of a point C’ on the axis 
of the top is determined, when once the curve of H is known, either as its 
hodograph, or more expeditiously by means of equation(3); and expressed 
analytically, the curve of // is given by 


4 p> _ gpv—gu_ a(u+v)c(u—v) 
(4) —— ae 








or normalized in the Jacobian form 


p> _— (0) A(u+ v)O(u—v) 








(9) ke VP ub?y . 
while 
_ O(u — v) 

» i — 
(6) et = era [= pt—o, 
so that 
(7) P git—oyt w= (Oe — v) 


ABudv 


and the right hand side is an algebraical function when v is an aliquot part of 
a period. 
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14. We arrive at the same result by the method of the hodograph of 
equation(2){§3; changing the sign of 2, 
; — _  fdw itdp 
(1) Ayn? sin@e““'= 2 ay (Pe) = pe~ “(SF + ; - . 
which with 


didx L-FP 
a? "aa" W’ 

leads to 

— Lr-Vttiy Xp 

Mind go? 2 

(4) 3 M?sin?@ e - i 

as before in(3)§ 13: and thus the vector of // is turned into the vector of 7, 

the projection of €”, by the factor 

Lr —_— A _ 4 iy , 4 


A 


swt 
é , 


(5) 


15. Before proceeding to the discussion of the algebraical cases as the 
chief object of this paper, we can examine some special results of the general 
problem. 

When the axis passes periodically through the highest or lowest vertical 
position, the rosette curves are produced, described by Professor Klein in the 
Bulletin of the American Mathematical Society, vol. 3. 

In such cases 


L'=+L, ML*°= MIL, D= E, 
(2) (13+ AL —2Q)? = 17(L? + A)? -— 8130 - 42°R, 
leading on reduction toa cubic in L, 
(3) VL3+ BL?—- AGL + (=O, 
which can be factorized into 


(4) (4+, =2)(4-, =a )(t-- 


or 


(5) (L—QWx)(L— QV x,)(L— Qs,) 
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With 
’ \LoX; 
(6) Li=L=—,/"3, Q = La, 
(7) shé, = 0, 2z,=1, 
(8) eW?(l—z)=2-—2%, MsinsO@=\/(x—-x), 
(9) M? = [? — a + % + % = (%3 — %) (x, — %)/( — %) ; 
and from (6) §11 
(10) M cosy ext —LV(% — %1) + ty (@s— 2) (@ — 22) 
yz 
(11) M cos $0 e?*-i = Ly (x —*)+ ty (23 — %) (% — 2) eil(r) 
/x 
= eil(e—e) | ’ 
(12) cotZd ert =H! = Fated . 
with VC %) 
p_L—-P(vr)_ P(@,-v) 
ia n MM  ~M* 
because 
ae ies jt2%3  Y 
(14) P(v)+ Ph ~ 1) = oe. 


17 


In this case the axis does not reach the highest vertical position, but de- 


scribes an intermediate path. 
But with 
p— X23 





(15) aba, Qa bn 

(16) sin@, = 0, z= 1, 

(17) $.M7(1—z) =x—2%, M sin3@ = (x — 22), 
(18) M? = L? + x, — % + Hy = (#3 — Xp) (zy — 2) /2X2, 





(19) Meosgoert—vi = LV(% — %) + ene) at 


os ei! (o: — t) 
€ t—wyi— 
(20) cot ge ert—¥ “sere 
‘ | P(e; — v) 
ni ns Me” 


- — 
= etl (w: rv) . 






5 > ee - " . 
- = -.. = 2 — 
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giving an upper rosette curve, in which the axis passes periodically through 
the highest vertical position. 
With 
ar ny see: — Ae 


\ 2s 


sin @, = 0, z3=—1, 
s)P(1 +7) = 43-2, M cos30 = y (23 — 2). 


M2 = — 1? — x, — %2 + %3 =(%3 — 1%) (43 — 4a) 235 





Msin}0e?'-i = — Ly (#3 — ©) + ty (x — 4) (% — %) pil 
\~ 


iliw,—r 
tan $0 ePt— 9)! = ie, , 
\ (43 —TZ) 


= ell(ws -~—r 





Pp _ P(r — %) 


n M , 
giving a lower rosette curve, in which the axis passes periodically through the 
lowest vertical position. 
Expressed in a tabular form we shall find for these rosettes : 





INTERMEDIATE UPPER LOWER 





ch46, = 1 nd(l—f)A" | nd(1 —f)A" 
cos 40, = dn fh" l | dn fh’ 





cos $0; = ent’ snf it’ 0 
$0; = am fii" $7 —am/f A’ | jar 








Stereoscopic representations of an upper and lower rosette curve drawn 
for a parameter 
(29) v= Wh + bhi, 
are shown in the diagram drawn by the late Mr. T. I. Dewar, published in 
Engineering, Oct. 10, 1897. 

16. Cusps will exist on the circle z = x, if 


LM 
(1) LM 
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(2) (L? + 2, — % + 2)(L3 + AL — 2Q) = LM 
L= (L?+ A)?— 8L7Q—4LB, 


reducing to 


(3) (z ~~ — (z -/=2*)- (x3 — ACs — 2) \- 0, 


of which the second factor must be taken, the first factor giving an upper rosette 
curve ; and now for cusps 











(4) $ M?sin0, = ¥ (zs — 2) (%2—%), 








(5) gap = = VE i) a = 1) + (Ha = MV (%5 =) 


Lo 








(6) sin 6, - V 3 (22 — 2) — V(— 2X1) (Xs —_ Zz), -_ x (dnfh” _ «snfK’), 


wz — Ty 





4 / _— — = ; - 
(7) cos 6, - V %3 (23 a! 2) © \ s 2) (x3 x)) os xdnf A’ + c?snfA J 
> 





When z, and z, have changed places, cusps can exist on the circle z = 2, 
and 


(8) 


with similar expressions for M? and 0, ; 





X_X3\? (x3 — 2) (Xz — 2%) 
L pais : 
( * Vx —Z 





(43 — 2) (%2 — 1%) 
(9) iP = y' . aN = [V%2(“s — “1)— y%3(% — 2) ], 





(10) sind, = V%2(%3 — 2) + ¥%3(%2 — 2) : 
Uy — Xe 
To produce cusps experimentally the bicycle wheel after being spun is 
placed gently in the support 0 in fig. 1, or the axis in fig. 3 is let go with- 
out impulse. If let fall from a height into O a looped figure is produced, or if 
the axis receives an impulse in a vertical plane. 





(To be continued.) 











ON QUADRATIC FORMS 
By Pavut SaurEL 


In a recent note* we have reproduced the very simple demonstration by 
means of which Gibbs establishes the conditions for a positive quadratic form. 
It may be of interest to show that the more general question of determining 
the number of positive and of negative terms in the expression of a quadratic 
function as a sum of squares can be treated in a similar manner. 

Let us consider the quadratic function ¢ defined by the equation 


¢= p 2 ae Ain X Xp, (1) 





in which 
’ Ai. = Apis (2) 
and let us write 
n 
Si= } Aj, Ly. (3) 
From equations 1 and 3 it follows that 
¢ = Dy Sit (4) 
If a,, + 0 we can throw this equation into the form 
: n 
ga Di pa, (5) 
4 i=? 
where 
—_— anf; — &), K 6 
f = (6) 


Since f\” is independent of x,, it follows that the second of the two 
terms on the right-hand side of equation 5 is independent of x,. Moreover, 
it should be noticed that the coefficient of /7 is the reciprocal of 


2) Zi, Xa, Xs, . : (7) 


Ox 2» Om 





* ANNALS OF MATHEMATICS, Vol. 4 (1902-03), p. 62. 
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in which the subscripts indicate the quantities which are regarded as inde- 
pendent variables. 

If a,, be equal to zero, equations 5 and 6 are meaningless. We can, how- 
ever, obtain a pair of analogous equations by employing any one of the func- 
tions f; for which the corresponding coefficient aj is not equal to zero. Then 
by changing the numbering of the variables we can again obtain equations 5 
and 6. 

We have accordingly the following theorem : 

TueoreM I. [Jf there be one of the quantities 


(% 
Cx; a 


which is not equal to zero, the given quadratic function of n variables can be 
expressed as the sum of a yuadratic function of not more than n—1 variables 
and the square of a linear function. The coefficient of this last term has the 
sign of the non-vanishing derivative. 

If 


Qy —Ag=---=aAy = 0, (38) 


the transformation given above cannot be performed. In this case we shall 


(fi +2)? — (4 — 2)? 
2a). 





(9) 


\_ Wnfi— Gif, — aif, 


2 


(10) 





Since f;” is independent of z,; and z,, it follows that the last term on the 
right hand side of equation 9 is also independent of x, and x3. If ay, be equal 
to zero the above transformation becomes impossible. In this case, however, 
an analogous transformation can be performed with a pair of functions f,, /; for 
which the corresponding coefficient a; is not equal to zero. Such a coefficient 
exists; otherwise, the given function of n variables would be independent of 
x,. The variables can now be renumbered so that equations 9 and 10 are 
again obtained. 
We have accordingly the following theorem : 
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THEOREM II. Jf each of the quantities 


za) 
0x; Zi, Ya, La, +--+ +5 Ln 


be equal to zero, the given quadratic function of n variables can be expressed as 
the sum of a quadratic function of not more than n—2 variables and the squares 
of two linear functions. The coefficients of these last two terms have opposite 
signs. 

It is evident that repeated applications of one or both of the transforma- 
tions just described will yield the following theorem : 

TueoreM III. A quadratic function of n variables can be expressed as 
the sum of the squares of not more than n linear functions. 

Let us suppose that by repeated applications of Theorems [ and II the 
given quadratic function has been expressed as the sum of 7 squares and a 
quadratic function which is independent of 2, 2, ---, 2,. We shall suppose 
that this quadratic function has been written in each of the forms: 


Ss, ay 
i=r+1 
n n 
a‘,'e, 2, , (12) 
f=r+l1 ker+l 


If the last transformation employed be one of the type 5, f;” is defined by the 
following equation, analogous to equation 6 : 


fo a err fae =" (13) 


(r—1) 
i 





If, on the other hand, the last transformation employed be one of the type 9, 
J; is defined by the following equation, analogous to equation 10: 





(r—2 2 (r—2) r. r—2) 2) 
(r) es — a Naa nee a a 14 
Sf! = i (14) 
‘ a’ 
r—l,r 
In either case 
of” 
a? = ow) , (15) 
Ox; Zetly Setr.2 0+ » In 


. We shall now show that 


af = 2) . (16) 
Sir Se 


a = 
Ox, *? Ir Tr+ly ee + 9 In 

















Consider the expression 


AFD 
(F-) (17) 
OX} J Xo, Xy, «+ + y En 


Since f;” is independent of 2, we may give to dx, any convenient value. It 
will therefore be allowable to suppose that dz, has been so taken that 


df, = 0. (18) 
But, in that case, equation 6 shows that 
df? = df. (19) 


The expression 17 is therefore equal to 


ef 
— ‘ 20) 
=. a er ait 


Consider next the expression 


ht 
a ; 21 
(). es 5 ae ( 


in which f” is defined by equation 10. Since f\*’ is independent of x, and 2, 
we may give to dx, and dz, any convenient values. It will therefore be 
allowable to suppose that dz, has been so taken that 


Uf, = 0, (22) 
and that dx, has been so taken that 


But, in that case, equation 10 shows that 


df? = df. (24) 


The expression 21 is therefore equal to 


(@ | 0 


Cx, Nis Sos £3; eo © 09 Zn 
In a similar manner we can show that 


of,’ 


) 
~_, 26 
Ox, hie S2es ae ee oe ( ) 
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is equal to 
ofr 2 
oar a i, k>r, (27) 
or to wen | 
( 02, Tit haan ee t,k>r, (28) 


according as 7” is defined by an equation of the form 13 or by one of the form 
14. 

In the first case, since 7)” is independent of ,, we may give to dx, any 
convenient value. It will therefore be allowable to suppose that dx, has been 
so taken that 


df = 0, (29) 
But then equation 13 shows that 
af? = df?”, t>p, (30) 


and expression 26 transforms at once into expression 27. 

In the second ¢ase, since /\” is independent of x,, and z,, we may give 
to dx, , and dx, any convenient values. It will therefore be allowable to 
suppose that dx, has been so taken that 


afr; =0, (31) 
and that dz,_, has been so taken that 
dfr=0. . (32) 
But then equation 14 shows that 
af” = df?, i>p, (33) 


and expression 26 transforms at once into expression 28. 

It now follows immediately that, by repeated applications of one or both 
of the equalities just established, equation 15 can be transformed into equation 
16. 

Equation 16 taken in connection with Theorems I and II enables us to 
state the following fundamental theorem : 

THEOREM IV. Let us suppose the variables to be so numbered that, by 
means of the two transformations described above, 21, 2, .. +, X, can be suc- 
cessively eliminated from the given quadratic function, one or two at a time, 
and let us further suppose that every one of the derivatives 


fi ‘ 
» a i,k>r 34 
rns. * 9 Svs Zrtly + 2 + » In ( ) 























a re errs 
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is equal to zero. Then the given quadratic function can be expressed as the sum 
of r squares. The signs of these r squares are the same as the signs of the 
following r derivatives : 


on 
a , 
OX, Dip LQ 2 © © 9 vn 


sf) 
OX ty Ba, se 9 


of, 

ox, [ee oe pe ae 
provided none of these derivatives be equal to zero. IPf, however, one of these 
derivatives be equal to zero, we shall strike it and the following derivative from 
the list; for every pair of derivatives thus omitted we shall have one positive and 
one negative square. 

The derivatives which appear in the statement of this theorem can be put 

into another form. Denote by A, the determinant 


My, U2 - + + Ap | 
| 


Gq, Uyq °° * Age | 





Bry Apps + + py | 


If we make use of equations 3 we obtain without difficulty the following equa- 
tions : 


(36) 


m). Ie, a. oe ee Sr-1) Try se 
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We obtain also the equation 


Gp, Upp * + * App App 


of; _ 14 Gs + + Vir Az ° 
at = » tk>r. (387) 
CX; Nis Ir, eee 9 Sug Lrdely + + © 9 En A. 


If one of the derivatives in 35, the pth for example, be equal to zero, we 
shall have from equations 36 








A, = 0. 


P 
Moreover, since it was possible to choose as independent variables f,, fy, . . «, 
Sp —1» “py + + + Ln, it follows from equations 3 that 


A, -, # 9. 
If the derivative on the left side of equation 37 be equal to zero, it follows 
that the numerator of the right side must be equal to zero. Moreover, since 


it was possible to choose fi, Jo, +--+ 5S-s Zr4i5 * + *s 2, a8 independent varia- 
bles, it follows from equations 3 that 


4, ¢ @. 


Finally, it is well known from the theory of linear equations* that, if the 
determinant in the numerator of the right side of equation 37 be equal to 
zero for all values of and /, then every minor of order r+1, and conse- 
quently every minor of higher order, that can be formed from the determinant 
A,, will be equal to zero. 

These results enable us to restate Theorem IV in the following well- 
known form :t 

THEOREM V. Consider the series of lerms 


oe epee Seay we 
It is possible to number the variables so that 


Avai _ A,42 — A, = 0, (38) 





* Cf. Weber, Lehrbuch der Algebra, vol. 1, p. 103. 
+ Cf. Weber, l. c., p. 295. 
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and so that no two consecutive terms of the series 

1, A;, As, -++, a, (39) 
shall be equal to zero, the last term itself being different from zero. Then the 
given quadratic function can be expressed as the sum of r squares. The num- 
ber of positive squares will be the same as the number of permanences in sign 
in the series 39 and the number of negative squares will be the same as the 
number of variations in sign in the same series, provided none of the terms in 
that series be equal to zero. If, however, one of the terms of the series be equal 
to zero we shall pay no attention to the two adjacent intervals; to every such 
pair of intervals there will correspond one positive and one negative square. 

The following theorem is well known :* 

Ifa quadratic function be expressed as a sum of squares of independent 
linear functions, the number of positive terms is always the same and similarly 
the number of negative terms is always the same, whatever be the mode of 
transformation employed. 

To complete our discussion we must accordingly show that the linear 
functions obtained by repeated applications of our two transformations are in- 
dependent. For this purpose it is sufficient to show that one determinant of 
order r formed from the coefficients of these linear functions does not reduce 
to zero.f Such a determinant can be formed by taking the coefficients of 
2, Xg, +++, x, in these functions ; for it is easy to see that this determinant is 


equal to the product of non-vanishing factors of the form aj’, , ,4, and of the 
form 


New York, Marcu 1903. 





* Cf. Weber, l. ¢., p. 213. 
+ Cf. Weber, l.c., p. 108; Bécher, ANNALS OF MATHEMATICS, vol. 2 (1900-01), p. 84. 








A GENERALIZED CONCEPTION OF AREA: APPLICATIONS TO 
COLLINEATIONS IN THE PLANE 


By Epwin BipwELL WILson 


In a paper presented to the summer meeting, 1902, of the Deutsche 
Mathematiker-Vereinigung and to be published in the Jahreshericht of that 
society, I pointed out the way in which one might arrive at a conception and 
numerical measure of volume in a linear space of any number of dimensions 
without the use of the conception or measure of length. The object of the 
present article is to discuss from a different point of view this same problem 
for a space of two dimensions, the plane; and to give some applications of 
the new notion of area thus obtained to results already known and to some 
that it is hoped may be new. 

The reasons which render justifiable some change in the conception of area 
become apparent on examining the most evident properties of the successive 
subgroups of the general projective group. The general group G has eight 
degrees of freedom. There is a subgroup A generally known as the affine 
group from the fact that it leaves the line at infinity fixed as a whole though 
admitting a redistribution of the individual points upon that line. This group 
has six degrees of freedom. This freedom is cut down to five degrees in 
passing to the next subgroup Z which possesses the characteristic property of 
conservation of area and which will occupy much attention in the following 
pages. Should one desire to introduce length it becomes necessary, if the 
language of non-euclidean geometry be used for a moment, to fix a system of 
two points, ordinarily the circular points, upon the line at infinity. The sub- 
group of Z which is thus obtained is the group F of rigid motions ; provided 
these be understood to include changes of symmetry in addition to the truly 
mechanical motions. This group 72 has three degrees of freedom only. To 
study the properties of the group Z as much as possible by means of its char- 
acteristic invariant, 7. e. area, and with a minimum reference to the more 

(29) 
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special invariant, ¢. ¢. length, of the subgroup # may be a worthy object in 
itself and may be expected in some small way to lead to valuable points of 
view as in a much larger way the use of the cross-ratio in treating the general 
group G is more suggestive than the direct employment of length. 

1. Equivalence of area and its generalization. In dealing 
with area the triangle is taken as the element. If the vertex of a triangle 
be displaced parallel to the base, the area understood in the ordinary manner 
is unchanged. By displacing one vertex parallel to its opposite side, then 
another parallel to the opposite side of the triangle thus obtained, and by 
continuing this process of displacement, any given triangle ABC may be 
earried over into a triangle A,4;C, quite different. It is not difficult to grant 
that by properly carrying out the construction any triangle ABC may be 
transferred into any other triangle A’B'C’, provided only that the areas of 
the two triangles have the same magnitude and the same sign, that is the same 
cyclic order of the letters. 

The idea therefore which enters necessarily into the conception of equiva- 
lence of triangles and which at the same time is independent of the concept 
of length is the idea of parallel lines and only that. Acting on this clew the 
following detinition for the generalized equivalence of triangular areas will be 
laid down. 

Definition: Two triangles ABC and A’B'C"’, neither of which cuts the 
line 7 or touches it, are said to be equivalent in area with respect to that line | 
when and only when one triangle may be transformed into the other by dis- 
placing a vertex along the line joining that vertex to the intersection of the 
opposite side with the line 7 and by repeating this operation successively, 
upon the various intermediary triangles thus formed, a finite number of times. 
(See figure 1.) 

A glance at the figure shows that the successive triangles in the sequence 
are ABU, ABC’, A'BC', A'D'C’, and that they preserve the same cyclic 
order of the letters. The line 7 in the conception of generalized equivalence 
plays the same role as the line at infinity in the ordinary conception. It is 
also evident that if A’B’'C’ is equivalent to ABC, then inversely ABC is 
equivalent to A’B'C’: for the censtruction can be carried out indifferently 


backward or forward. For similar reasons the statement that two triangles 


equivalent to the same triangle are equivalent to each other becomes obvious. 
As a matter of definition two triangles which have the same base and 
whose two opposite vertices are collinear with the point of intersection of the 














1903) GENERALIZED CONCEPTION OF AREA 31 


base and the line /are equivalent. And now, if that definition is to be useful, it 
is necessary that conversely two triangles ABC and ABC’ which have the 
same base AB and whose vertices are not collinear with the intersection of AB 
and / shall be non-equivalent. From another standpoint this is merely the 
demand that the axiom “the whole is not equivalent to its part” shall hold 
for our generalization of the conception of area. For it is possible to construct 
a triangle ABC which shall be equivalent to ABC’ and hence to ABC and 
such that the point C lies upon the line AC. If the point C does not coincide 
with C’ one of the triangles ABC and ABC must contain the other and the 





whole would be equivalent to its part. It becomes necessary to prove that 
no such case can arise out of the definition. 

To give a geometrical proof apparently offers grave difficulties owing to 
the large number of steps which may be inserted between any initial triangle 
and its fina] equivalent. In the paper referred to above I gave the proof ana- 
lytically, without in anyway introducing the conception or measure of length, by 
employing a system of projective coordinates dependent upon the projective 
definition of a number-system, which in turn is deduced from harmonic con- 
structions. Although the germ of this number-system and system of coordinates 
may possibly be seen lurking in the geometrical nets of Hamilton and Mobius, 
yet the first to give them even a partially satisfactory development-was von 
Staudt in his Beitrige zur Geometrie der Lage. The treatment has been 








rer eens 


nn te en te net nye pete ee 
m - = = J 
-t- < 
























32 WILSON { October 


amplified and bettered by his followers Klein*, Killingt, Pascht, Schur§. These 
matters are however somewhat recondite. Here we shall follow the plan adopted 
frequently in the presentation of synthetic projective geometry and practically 
always in that of analytic projective geometry. We shall have recourse to the 
ordinary conceptions of area, for convincing ourselves of the truth of some fun- 
damental properties of the generalized area. 

For example, if in the case under discussion it were possible to carry the 
triangle ABC into ABC as explained above, then if the line / be projected to 
infinity, it would be possible by parallel line constructions to carry a triangle 
A,B,C), the projection of ABC, into A,B;C;, the projection of ABC. This 
is an absurdity inasmuch as the triangles 1,4,C, and A,32,Ci cannot have 
the same area in the ordinary sense of the word. Thus the difficulty of the 
part being equivalent to the whole is disposed of even in the generalized 
notion of area with respect to a line /. 

THeoreM 1. A triangle A/C is equivalent to each of the triangles CAB, 
BC A obtained by permuting the letters cyclically. 

Draw through / and C' respectively lines cutting the line 7 in its inter- 
sections with AZ and AC. Let these lines intersect in CC’. The following 
sequence of equivalent triangles demonstrates the equivalence between ADC 
and CAB: 

ABC = ABC = CBC = CAC = CAB. 


The equivalence between ALC and LCA is proved in the same manner. 

2. Non-equivalence of generalized area. [For the immediate 
present to simplify matters it will be supposed that the line 7to which area is 
referred is in a very remote region of the plane or even at infinity. This re- 
striction will be considered and removed later where the questions connected 
more subtly with the ideas of the sign and infinite magnitude of areas will be 
more easily handled than at present. 

Definition. The area of a triangle is said to be reversed in sign whe , 
cyclic order of the letters is changed: 7. ¢., ABC = —A penal —— 
BAC. In general two triangles ABC and A'L'C" are said to be equivalent 


* Math. Annalen, vol. 37: Nicht-Euclidische Geometri¢ (autographierte Vorlesungshefte), 


vol. 


9 
+ (rrundlagen der Geometric, vol. 2. pp, 107 et seq.. pp. 119 et seq 
+ Neuere Greometrie. 

§ 


Math. Annalen. vol. 53. 
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negatively when one may be carried into the other with the cyclic order of 
the letters reversed. 

TueoreM II. Two triangles equivalent negatively to a third are equiva- 
lent (positively) to each other. 

TueoremM III. The necessary and sufficient condition that two triangles 
ABC and ABC" upon the same base AB shall be equivalent negatively is 
that the line CC" shall be divided harmonically by AB and the line of refer- 
ence 1, 

First, if the triangles are negatively equivalent displace the vertex C’ 
along the line joining C’ to .V, the intersection of 7 and AB, until it falls 
upon the point C’ such that AC’ and CB meet on/. Join CC’. Then 

— ABC' = AC'B = AC'B = ACC. 

By supposition ABC’ and ABC are negatively equivalent. Hence AC'C is 
equivalent to ABC. Hence BC' and AC meet on]. ABCC’ is therefore 
a complete quadrangle. The opposite sides CC’ and AB are divided harmoni- 
cally by the diagonal /.. The pencil composed of AB, 7, WC, WC" is har- 
monic and the transversal CC’ is divided harmonically by ABand/. The 
necessity of the condition announced in the theorem has thus been shown. 
The sufficiency may be proved in a converse manner. 

Asa corollary of Theorems IT and III it follows that if two triangles ABC, 
ACD have the same vertex, a common side iC, and bases in the same 
straight line BCD, the necessary and sufficient condition that they be equal 
is that BD be divided harmonically by C and the line /. 

If moreover upon the base produced of a given triangle ABC we con- 
struct the fourth harmonic D of B with respect to C and /, and then the 
fourth harmonic E of C' with respect to D and /, and so on, the series of 
triangles 

ABC, ACD, ADE, - 
will all be mutually equivalent. And it may be mentioned that the points 
B,C, D, E, . - - to the point Min which BC cuts /, are the points which 
may be taken to correspond to the integers 0, 1, 2, 3,.. ., % in the pro- 
jective number system above referred to. 

It may also be seen that the area 4/3 must needs be infinite if the area 
ABC be considered other than zero. As it would be unnatural to denominate 
any two-dimensional triangle ABC of zero area, the result follows that any 
triangle MNP which has one vertex P upon the line 7 is of infinite area. 
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For, an arbitrary triangle WVQ, where @ lies upon .VP, may be taken as of 
unit area and the triangle J/VP can not then be divided into a finite number 
of triangles equivalent to WVQ. As an extension, any triangle WV? which 
cuts the line lin any manner cannot be finite in area with respect to that line /. 
The reason therefore appears, as perhaps it has not yet appeared, why the 
restricting clause ” neither of which cuts the line 7 or touches it” was inserted 
in the detinition of equivalence. 

To divide a triangle .1/2.V which does not cut the line / into x equivalent 
parts by lines through the vertex sf is an operation dependent upon the system 
of integers just mentioned. Choose at random any line g passing through 7 
and not coincident with BC. Choose arbitrarily a point C) corresponding to 
the number 1. On the line y construct, as above described, the integers up 
to n, using the point in which g cuts /as the point « of the line qg. Let 


these integers be represented by Cj, 24,... .V;. Let .V.V, cut the line / in 
the point O. Let O00), OD, ... cut BN in C, DY, .. . respectively. The 
triangles ALO, ACD,... are then obviously equivalent and each may be 


regarded as the nth part of .1/.V. 

The areas of two triangles AC and uA'4'C' may be compared to any 
degree of numerical approximation by a method well known in clementary 
geometry. The triangle A/C’ may be divided into n equivalent parts of 
which one is ALA; Upon ul’ a triangle 1/4, may be constructed 
equivalent to AL, The triangle A’/’C may then be tilled up with & 
triangles ADS, ABB, ADB... AD, B,, which are equivalent, 
and one triangle A’4,.C', whichissmaller. The ratio of ALC to ABC’ is n 
to / approximately —the approximation being less than one part in n. If the 
two triangles are commensurable two numbers n, A may be found such that 
the ratio is exactly n to A with no remainder. If the triangles are incommen- 
surable the ratio « to 4, as n is taken indefinitely greater and greater, will 
approach an irrational number as a limit. 

A definite triangle (0,0 may be assumed arbitrarily as a triangle of 
unit area with respect to the line 7. By methods of comparison explained 
above, the numerical value of the area of any triangle ABC relatively to 
UU, U; may be determined. As in the ordinary conception of area, the area of 
a figure not triangular must be determined by dividing that area into a finite 
or infinite number of triangles. 

Thus the first object of this paper, namely, to explain the ideas of area 
with respect to a line and of the numerical measure of that area has been ac- 
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complished. There remains only the removal of the restriction imposed at 
the beginning of this section. 

Consider any three lines a, 6, ¢ which do not all pass through the same 
point. These three lines divide the plane into four distinct regions such that it is 
possible to pass from any point of one region to any other point of that region 
without crossing any of the three lines, although crossing the line at infinity 
may be necessary. To pass from one region of the plane to another it is 
necessary to cross one side of the triangle. A line 7 which does not pass 
through any of the three points of intersection of the lines a, 4, ¢ cuts across 
three and only three of these four regions. There remains always one region, 
and only one, which has no point in common with 7 and consequently is a 
triangle not excluded from consideration by the definition of equivalence. If 
two such triangles are given their relative signs might give difficulty. The 
fact, too, that one or both of these triangles may be of what we should ordi- 
narily regard as infinite extent is the only other difficulty. This latter has 
already been spoken of. The former may be removed by considering the 
sense (positive or negative) of the ranges in which the sides of the triangle 
cut the line of reference 7. For example let the triangles be given by the 
lines a,b,c and a’, b', ce’. Let a, 4, ¢ cut / in A, B, C respectively; and let 
a’',b',c cut it in Al’, 2, C’. The triangles will be said to have the same sign 
or opposite signs relatively to / according as the ranges ABC and A'L'C' 
upon / have the same or opposite sense. Hence evidently two triangles which 
lie wholly on the same side of / have the same sign if their vertices follow 
in the same cyclic order; two triangles which lie wholly on opposite sides 
of 7 have the same sign if their vertices follow in opposite cyclic orders. 
For triangles which lie partly on one side, partly on the other,— that is, for 
triangles which cross the line at infinity,—no such simple rule can be stated. 
It is only safe to consult the senses of the ranges which the sides cut out on /. 

3. Constructions and miscellaneous applications. There 
will occur so many occasions in the course of this section to speak of two 
lines which have the property of meeting on the line 7 with respect to which 
area is measured, that some special designation will be convenient. Two such 
lines will be said to be purallel with respect to l. It will generally suttice to 
abbreviate the expression to simply paralle/, leaving the reference to the line / 
to be understood; for the line at infinity and paraHelism in the elementary 
sense of the word will not, one may almost say cannot, be of importance in 
the subject under discussion here. 
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Construction. To construct a triangle upon a given base A'S’ which 





shall be equivalent to a given triangle ABC. (See figure 2.) 

Join 1A’. From C' draw a line 
parallel (in the extended sense) to Au’; 
and from £# a line parallel to AC. 
Let them intersect in D. Join J)’ and 
DA’. From A’ draw a line parallel to 
Di; and from C' a line parallel to 
AD. Then 


ABCH=ADCH=A'DCH=A'DE=A'B'E. 
Fic. 2, 


In this figure the line/has been taken at infinity The number of steps required to pass 
for convenience in drawing. 















Let them intersect in £. 












from one triangle to another is thus seen 





to be four. The construction fails when J) cannot be found except on the line 
7; that is, when 4’ lies on the side LC’. As 1’ can not lie on all three of the 
sides AC, UB, BA, it is always possible to carry the triangle ALC into a 
triangle upon the base .1’ 4’, though that side .1'/ may correspond to AC’ or 
CB instead of to A. Of course it must be remembered that A’ and 4’ can 
not be situated on the line 7 and further that the segment .1'/)’ is that portion of 
the whole line A’/’ which does not cut 7. Figure 3 shows an example of 
























Fic. 3 
this case. In the succession of triangles A’D)E is not shaded owing to the con- ; 


fusion it would introduce with A'S’ #. If the construction is performed in the 
inverse order the triangle .1'4'E will be carried over into ABC. Thus there 
is obtained an example of the construction of a triangle equivalent to a given 
triangle which lies on two sides of / but does not cut /. 
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THEOREM IV. The envelope of a line which cuts off a constant area from 
two given fixed lines is a conic tangent to those two lines at their points of 
intersection with the line of reference /. 
(See figure 4.) 

Let AC Band L'CA' be two positions 
of the triangle. Join A’A and BBL’. As 
the areas of the triangles are equal the 
differences between those areas and the 
common area ACA’ are equal. Therefore 


AA'B' = AASB. , a 
The vertices 4 and J’ must lie on a line 
passing through the intersection of the 
common base A’A and the line 7. If then the points of intersection of 7 with 
the fixed lines be Z, and Z,, the ranges 

( 'A'BL, and CALL, 

are perspective. By interchanging the position of thetpoints in both point- 
pairs of a given range the resulting range is projective to the given range. 








Hence 
CAL, *K L,B AC. 
Hence 
CA'BL, % CABL, * L,B'AC. 
The lines joining corresponding points of two projective ranges envelope a 
conie which is tangent to the lines on which the ranges lie at the points which 
correspond to the point of intersection of 


the two ranges. Hence A's’ and AB ‘ 

touch a conic tangent to the lines CL, and ra 

CL, at L, and Ly. | gi (osZ aN 
THEOREM V. A line h moves so as a | ae \ 

to cut off a constant area from a given 7s \ 

curve which has only two real intersee- | 22 | 

tions with any line (the curve is oval). Cu’ th ‘~ 

Then / is divided harmonically with re- a 

spect to the given curve by the point of Yo 

intersection of A and / and by the point /4, 

of tangency of hk to its envelope. (See Seetl 


figure 5.) 
Let PQ and P’’ be two positions of h. Let P’Y' be considered as 

















38 WILSON | October 




























approaching /( asa limit. Let ?Q and /’(' intersect in O. In the limit 
QO is the point of tangeney of ?( with its envelope. The sectors PQ’, 
QP are equal. The small curved segments upon the bases ?/” and QQ’ 
are insignificant compared with these sectors. Hence the triangles /?(/” and 
(QP are practically equal; the limit of their ratio is unity. In the limit 
therefore the lines PY’ and ?’(V meet on/ ina point WV. By the properties 
of the complete quadrangle PP’ VY’ the points O and Mare separated harmon- 
ically by the curve. In the figure the point .W has been placed upon the line 
1 to suit the requirements of Theorem VI. In general .W’ when approaching 
M will not move along the line /. 

This proof of this theorem possesses the same degree of unsatisfactori- 
ness as that of the corresponding theorem in the ordinary treatment of areas. 
There are numerous points to be filled in, some restrictions to be placed upon 
the given curve, ete. These difficulties are involved rather in the nature of 
the subject treated than in the particular method now employed and hence 
will be waived. By making use of this theorem and those theorems concern- 
ing conic sections which are most fundamental from von Staudt’s point of 
view* it Is easy to prove the following 

Corollary. The envelope of a chord which cuts off a constant area with 
respect to a line 7 froma given conic Ais a conic A” which is tangent to WV 
in two points, real or imaginary — the chord of contact being the line 7. Or, 
to avoid the possible imaginary case, the statement may be made thus: the 
polarities which detine A’ and A” set up the same involution upon the line /. 
In case the line/ cuts A’ the involution is hyperbolic and the points of contact 
of A’ and A” are real: in case / does not cut A’ the involution is elliptic and 
the points of contact are no longer real: in the intermediate case where 7 is 
tangent to A, A’and A” have contact of the third order at the point of tan- 
gency. 

THeoremM VI. The necessary and sufficient condition that a chord PQ 
cut off a constant area from a conic A’ is that the range of points /? upon the 
conic shall be projective to the range of points (@ upon the conic and that 
the axis of the projectivity of these two ranges of the second order shall be 
the line of reference /, (The axis of a projectivity is the line which is the 
locus of the points of intersection of the lines joining non-corresponding points 
of any two corresponding pairs of points in the projectivity. ) 





*See a ** Note on the Geometrical Treatment of Conics,” by C. A. Scott. ANNALS OF 
MATHEMATICS, ser. 2, vol. 2 (1900-01), p. 64. 
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This theorem is merely another statement of the corollary above. The 
proof may be given like that of Theorem V. But the most serious difficulties 
in the theory of limits here vanish of themselves because the point WV’ of in- 
tersection of P’Y and PQ lies necessarily upon /, the axis of projectivity. 
Hence the triangles QP’ and QP'(’' are rigorously equal. The demonstra- 
tion of Theorem VI should therefore be given independently of the more or less 
unsatisfactorily demonstrated Theorem V. 

If two triangles P.1/ and PA's’ which have the same vertex P and 
whose bases .1/ and A'S’ lie upon the same line are to be equivalent it is 
evidently necessary that the segments 4/3 and A'S’ shall lie either partly or 
wholly without one another. Otherwise one triangle would be merely a part 
of the other. Suppose that the first case obtains. Let the order of the 
points upon the base line be AA’LS'. Then the triangle PA'S is common 
to the two given triangles and hence 771.’ is equivalent to PBB’. The 
question of the equivalence of two triangles with common vertex and collinear 
bases, therefore, reduces in every case to an equivalence in which the bases 
do not overlap. 

TueoreM VII. The necessary and sutticient condition that two triangles 
PAB and PA'S’, whose bases lie upon the same line but do not overlap, shall 
be equivalent with respect to a line / not cutting either of them, is that the 
line 7 shall pass through the external point of harmonic division of the pairs 
of points AZ’ and 7." 

Let O, be the internal point of division and O, the external point. Then 
by Theorem ITI, 


PBO, = — PNO, and PAO, = — PLO, 
with respect to any line / through O,. By subtraction 
PAB =-— PBA = PA'S. 
This proof may be given very neatly without reference to the negative areas 
upon which Theorem III depends. The construction is as follows. Produce 
AP until it cuts 7 in A, Draw 2A, and let it cut PB in C. The triangles 
PABand PAC are equivalent. In like manner produce /'/? until it cuts / 
in #2. Draw A} and let it cut PAin C’. Then the triangles PA'S’ and 





* By the external point will naturally be meant that one through which a line 7 may be 
drawn not cutting either of the triangles. Through the other point of harmonic division no 
line could be drawn not cutting either PAB or PA'B’. 
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PC'B' are equivalent. Let 5’C’ and AC intersect in /f,; A’C" and BC, in 
H,. Owing to the properties of the complete quadrilateral it is evident that 
PH, isa straight line passing through O, and that C'C’ passes through 0,. 
The ranges 

AC'PA, * BCP, with respect to Oy. 
Hence 

AC'’PA, * CB'B,P. 

The triangles PAC and PC'S’ are therefore equal with respect to / by 
Theorem IV. 

4. Application to the point-line involutory collineation. 
The sole involutory collineation in the plane is the point-line reflection. By 
this ix meant the transformation in which a point /’is replaced by a point 2” 
such that the line /’/” passes always through a fixed point O called the center 
and is divided harmonically by O and a fixed line p called the axis. This trans- 
formation is a projective generalization of ordinary reflection in a mirror. 
For this reason it will often be found convenient to use the words projective 
reflection to stand tor the generalized transformation. 

THeoreM VIII. If a triangle .1/3(' is transformed into ’2'C" by a 
projective reflection the areas of the triangles .ALC and .A'2'C" are equal 
with reference to the axis of the reflection. 

Consider first a triangle .10/ and the corresponding triangle AOJ7'. 
Let OA’ cut the axis 7 (orp) in A”, and OBL in LB". Then the ranges 


AOANA" and BOLL 


are harmonic. But one pair of points in harmonic range may be interchanged 
without destroying the harmonic property. Hence 


AOA A' K BBB O. 


Hence AL, AB’, OL," OA" envelop a conic and by Theorem IV the trian- 
gles LOB and A'O#S' are equivalent. Then in similar manner 


BOC= BOC and COA= C'OA. 
If the sign of the area be taken into consideration 
—-ABC=AOB+ BOC 4 COA = AOK + BOC+ COA =— ABC. 


The theorem is therefore proved. 
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TueoreM IX. If a triangle ABC is transformed into A’ B’C"' by a pro- 
jective reflection the areas of the triangles ABC and A'B’C’ are equal in 
magnitude and opposite in sign with reference to any line 7 drawn through 
the center of the reflection. (See figure 6.) 

It is to be understood that the triangle ABC, and consequently the tri- 
angle A'B’C", is that one of the four triangles ABC (into which the plane is 
divided by the lines AB, BC, CA, see 
p-35) which is not cut by the line 7. It | fT 
will be convenient to assume that the ] 
letter B has been assigned to the vertex 
so situated that the line OB cuts the base 
AC interiorly at D. Let OB cut A’C’ 
at D'. Inasmuch as AC’ is transformed 
into A’C’ and the line OJ is left fixed by 
the reflection, it is evident that D and J’ . 
are corresponding points and are har- | 
monically separated by Oand p. Apply | 
Theorem VI to the triangles into which 
ABC and A'B'C' are divided by OBB’. By detinition of equivalence with 
respect to / the triangles D’AB' and D'A'B' are equivalent. By Theorem 
VI the triangles ABD and AD'B’ are equivalent since O is one of the pairs 
of points which separate BB’ and DD’ harmonically. Hence 


ADB = ABB = ABD=—ADB: 


SA! 











and likewise 
C'D'B = CD'B' = CBD=—CDB: 
Subtracting, 


A'B'C' =— ABC. 


The theorem is therefore proved. 

THEroreEM X. The necessary and sufficient condition that a collineation 
which leaves the line / fixed shall transform any triangle 4BC into a triangle 
A'B'C' equivalent to ABC with regard to that line / is that the collineation 
be resoluble into the product of two projective reflections of which the poles 
lie upon the line 7. 

The sufficiency of the condition is immediately seen by aid of Theorem IX. 
For by the two reflections the area suffers merely two changes of sign and 
consequently is finally left unaltered. To discuss the necessity of the condi- 
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tion, suppose that the triangle ABC is transformed into an equivalent triangle 
4'B'C’. The lines AB, BC, CA cut out three points c, a, 4 on the line 
of reference 7. The lines A’B’, B’C’, CA’ cut out three points c’, a’, 6’. Let 
T be the collineation which carries ABC into BC". Then 

a’T a’, al Th, [ Z'Je. 
Let S be the linear transformation of the line 7, not of the whole plane, which 
carries a. }. ¢ into a’, 2’, ce’. S is known to be resoluble into two involu- 
tions.* Let these involutions be s;, 82: then 

S= 81893 a, h, c (8p Sy | a’, S. i’. 
The involutions s,, s., each consists in replacing the points of the line / by the 
harmonic points with respect to a pair of points »,, O, and p,, O,. Draw 
through the points p,; and p, lines p,; and p, and consider the projective re- 
flections /, and ¢, which have p,, O;, p2 and QO, respectively as axis and center. 
The product “/,f,) produces the same transformation on/ as the product [ 8; 8) : 


a,hiclt 


1/2] a, i’, e. 
From the product of 7 and the inverse of “44,) which is ‘¢;'7") and apply 
the transformation to the line 7: then 


a,hb,c[T] a’, b,c [tz'tr a, b, ¢ 


that is, a. hb, ef Tt;'¢, ‘) a. h, é. 
Let 


T ts''6 ” was R. 


The transformation 7? carries the line 7 identically into itself. The triangle 
ALC is therefore carried into a triangle 1’ /3"C" such that the corresponding 
sides meet on /. i 

It remains to discuss the variations in /? as the directions of the lines 
p, and p,, which must necessarily pass through the points p, and p, on /, are 
varied. There are a number of cases to consider. These will be stated in a 
series of lemmas. 








* The general linear transformation in one dimension is resoluble in x! ways into the 
product of two involutions. See a paper on “ Collineations of Space” by R. G. Wood, ANNALS 
OF MATHEMATICS, ser. 2, vol. 2(1900-01), p. 164, where further references are given. 
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Lemma 1. If the two centers O, and O, are distinct a given point P 
may be carried over by two reflections ¢, and ¢,, whose axes pass through two 
fixed points p, and p, on /, into any assigned point P”. 

For, by ¢ the point ? may be carried into any point P’ of the line PQ,. 
Then by 4, /” may be carried into any point of the line joining P’O,. This 
point evidently is any point /?” of the entire plane. 

Lemma 2. Incase the two centers O; and QO, coincide and the two points 
p, and p, on / coincide, the point ? may be carried over into any arbitrary point 
P" by tyt,. 

For the transformation upon / is in this case the identical transformation. 
Hence the common points O,; and O,, p, and p, may be chosen arbitrarily. 
Choose the points QO, and QO, as coincident with the point of intersection of 
the line ?/?” with the line /. Choose also the points p, and p, at any arbi- 
trary common position. Let the line p, be any line. Then P is carried into 
/”. Let the line p,; be so chosen that /” is carried into P”. For this pur- 
pose p, and / must separate ?’ and P” harmonically. 

The case in which QO, and QO, coincide but the points p,; and p, do not 
coincide need not be considered separately from the case of Lemma 1. For 
whether the points O or the points p be chosen as centers of the projective 
reflections is evidently quite immaterial as far as the displacement of the points 
upon the line lis concerned. Hence: 

TueoreM XI. It is always possible to choose two projective reflections 
t, and /, which first produce any assigned transformation upon the line 7 join- 
ing their centers and secondly carry any preassigned point P into any other 
assigned point P”. 

Consider next the transformation /?. Let 7’ carry the point A into A’. 
Choose ¢, and f, so that the product /,f; carries A’ into 4. Then since /, and 
f, are involutory their inverse'transformations /,~' and ¢ ~' are equal respectively 
to f, and ¢,, and the product f,~'¢;' will carry A’ into A. Hence 

ABC [Tty'G'J|AB"C" or ABC [R)] AB'C", 

It must be remembered that every transformation J? leaves the line / 
identically fixed. Hence AB and AB", AC and AC" are collinear and BC 
and 2B’C" intersect on 7. But by supposition the areas ABC and A'S'C" are 
equal. As the transformations ¢, and ¢, do not alter area with regard to their 
line of centers 7, the areas ABU and ABC" are equal. Hence if BC" and 

































44 WILSON (October 


BC lie between the point 1 and the line 7 they are necessarily coincident 
and if they are separated by land / they are necessarily divided harmonically 
by «fl and /. 

Lemma 3. If the role of the points p, and O, upon the line / be inter- 
changed—that is if the axis p, of the reflection be taken to pass through O, 
and the center of the reflection be taken at p, and if this transformation be 
designated by u to distinguish it from ¢, then if /,/, carry a triangle ABC 
into ABC a transformation /,~ may be fount which carries ABC into ABC 
in such a manner that Zand BY, Cand C’ are harmonically separated by U1’ 
and /. 

In the tirst place, by Lemmas 1 and 2 it is always possible to find a 
transformation ¢,” which shall carry A into 4. Secondly, since 4,4, and 
t,u produce the same transformation on /, the lines ABB and ACC" are 
straight. Furthermore the lines BC and BC" meet on 7. The areas of the 
triangles ABC and ABC’ are each equal to that of LBC and hence are 
equal to each other. Therefore either 4C’ and 2'C" coincide or they are 
divided harmonically by the point 1 and the line /. Suppose they coincide. 
Then the transformations f,/, and f, ” carry the triangle .1/C into the triangle 
ABC and leave the line 7 fixed. The transformations are therefore equal. 
It must be remembered that ¢,; and /, and ~ have been used for any projective 
reflections which have their axes passing through the points p,, p,, O, and 
their centers situated at O,, Y,, p, respectively. The letter ¢, thus stands for 
a type of transformations rather than for any particular individual. Hence 
the ¢, in 4,4, need not be equal to the 4, in f,u. To designate this difference 
attix an accent to the second ¢,. Then, on the supposition made above, 

tt, = ti. 
Multiplying by ¢’, and remembering that the square of an involutory trans- 
formation is unity, 
fotsty = thu =u. 
Multiplying by 4, 
tte = uly. 

The transformation u/, has the characteristic property that the axis of 
each of its factors passes through the center of the other. Let the axes inter- 
sect in some point Y. Then the transformation wf, is a projective reflection of 
which the center is Q and the axis /. For let P be any point of the plane. 
Let P be carried by u into 7” and let /” be carried by ¢, into P’. Then the 
line YP is carried into YP". But as the line / is identically fixed QPP" is 





oat 
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straight. Moreover by the harmonic property of the transformation ¢, it is 
evident that P and P” are separated harmonically by Q@ and/. Therefore 
the transformation u/, is a projective reflection with Q as center and / as axis. 
Denote uf, by v; then 

lg = ut; = v. 

This equation states that the product of two transformations ¢, which have 
the same center O, and whose axes pass through the same point p, on 7 is an 
involutory transformation v — which is impossible, as a moment’s consideration 
will render evident. Hence the supposition that ¢,¢, and ¢,u carried ABC into 
the same triangle ABC is impossible and the contrary supposition, which is the 
statement of the lemma, stands proved. 

To turn back again to the consideration of the transformation #. It was 
seen that /? carried the triangle ALC of Theorem X into a triangle AS’C" 
which was either identical with AC or the harmonic counterpart of it with 
regard to land /. If this latter case obtains it is only necessary to replace 
t,t; by tju and the resulting transformation 

R= Tu" 
carries ABC into ABC identically. In the former case 7 itself carries ABC 
into ABC identically. The transformations 22 and F’ leave 7 fixed. Hence 
R or J’, as the case may be, is the identical transformation. Let ¢ be a trans- 
formation which may stand indifferently for 4 or ¢; and let wu stand likewise for 
/, or u as the case may require. Then the result of the investigations since 
the statement of Theorem X is 

Te" = I, 
or 

T= ut. 

Hence Theorem X is proved. With the statement of this theorem in a little 
different form this paper will close: The necessary and sufficient condition that 
a collineation of the plane shall be resoluble into two projective reflections is that 
the collineation shall leave areas unaltered when referred to one of the fixed lines 
of the collineation. 

EcoLe NORMALE SuPéRIEURE 


Paris, FRANCE, 
DECEMBER, 1902. 





















LINES OF CURVATURE ON MINIMUM DEVELOPABLES 
By Freperick S. Woops 


Iw the treatises on Ditferential Geometry are usually found one or both 
of the two following theorems, different in form but the same in content : 

1. Ifevery line upon asurface is a line of curvature, the surface is a 
plane or a sphere : and conversely. 

2. Iffor any surface the fundamental «uantities of the first order are in 
a constant ratio to those of the second order, the surface is a plane ora 
sphere; and conversely. 

These theorems are true for real surfaces: but in general no_ restric- 
tion to real surfaces is made either in stating or proving the theorems, al- 
though the proofs are generally given with the use of explicit or suppressed 
hypotheses which rule out of consideration one class of imaginary surtaces, 
namely the developable surfaces which contain the imaginary circle at intinity. 
Accordingly it seems to have escaped notice that these surfaces, which we 
shall call minimum developables, should be named with the plane and the sphere 
in the enunciation of the above theorems. 

We define a line of curvature on a surface as any curve such that the 
normals to the surface taken along the curve form a developable surface. 
Since we do not restrict ourselves to real quantities, the geometric terms 
employed have analytic definitions. A surface is detined by the equation 


2 ax LLY), 
where f(z, 7), together with its derivatives of at least three orders, is finite 
and continuous within the (z, 7)-region considered. We write, as usual, 
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The tangent plane at any point is defined by the equation 


piX—27)+q9(Y—-—y)- (Z—2z) =0 
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and the normal line by the equations 
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The necessary and sufficient condition that the surface should be a mini- 
mum developable is 
P+PFt+1=9, 


and the above equations show that the normal line then lies in the tangent 
plane and is in fact a generator of the minimum developable. It is clear then 
that any line on the minimum developable satisfies the definition of a line of 
curvature, for the normals to the surface form a developable, namely the 
minimum developable itself. 

The differential equation of the lines of curvature is 


[ pgr — 3(1 + p*) jdx* + [r(1 + g*) — (1 + p*) jdady 
+[pqt —s(1 + 7°) ]dy = 0, 


and consequently all lines upon a surface are lines of curvature when and only 
when 
par — s(1 + p*) =9, 
r(l + 7°) —t(1+p*) =9, (1) 
py —s(l A q°) =, 


An easy calculation shows that these conditions are satisfied if the surface 
is a plane,a sphere, or a minimum developable. Conversely we shall show 
that the above relations lead necessarily to one of these three surfaces. 

(1) Ifr =s =t = 0, equations (1) are satisfied, and integration gives a 
plane 

z=axrt+hyte. 


Further, if any one of the three quantities, 7, s, ¢, is zero, the others are 
also, as may readily be seen. 
(2) Assuming r + 0, s+ 0,74 0, we may write the equations (1) in the 





form 
”, 1 + p* 1 + q" 
Mw. = rN 
8 ? t 
or PY = 8d, (2) 
1 + p* = r¢, (3) 
1+q = (9, (4) 


where ¢ is an unknown function of x and y. 
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These equations being satisfied by all points on the surface, we have 


necessarily 
Cx cd 
re = ee SS pe 5 
ei ? cr cr ( ) 
cr c ; 
2ps = o— wee, (6) 
Cy Cy 


which are obtained by differentiating (2) with respect to x and (3) with re- 


' os scr , . : 
spect to y. Remembering that — = —, we obtain from (5) and (6), 
. i cx 


Cy 
ch ch a 
Yowrete «re: («) 


Similarly, by differentiating (2) with respect to /, (4) with respect to x, and 
subtracting one result from the other, we find 


cd ch 
—sg4+ tae —t—H+ 8 ‘ bat 
4+] ix * "dy (8) 
Hence, from (7) and (8), 
, > ch 
prt -—Cjz=— (rt— s*)—., 
Cx 
q(rt— #*) = — (rt — a? P 
cy 
and therefore either 
(2a) ri—s?* = 0, 
or (25)  — eo — | 
cr Cy 


(2a) The equation rt — s* = 0), is the condition that a surface should be a 
developable surface. From(1) we have also 


l+j°+7=0. 


The developable is therefore a minimum developable. 
(24) The equations 


give at once 
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This value substituted in (2), (3), and (4) gives relations which are read- 
ily transformed into 


-~ - 


a - 
12ZzZ—C = YZ — 6 = — ji, 
on Sf P)= jy 4 1) 
0 0 
t= @) = fee a B —0; 
Cy ( ?) or (7 1) 


whence 

pz—-cp=a-d, 

qe — eq =b— y: 
and therefore 

(« —a)? + (y—b)? + (z-—c)= ad, 
the equation of a sphere. 
We see then that equations (1) lead necessarily toa plane, a sphere, or 

a minimum developable, and we have already seen that each of these surfaces 
furnishes a true solution of the equations. 


In considering the second of the theorems stated at the beginning of this 
article, we need to notice a difference of usage in regard to the fundamental 
quantities of a surface. If the equations of the surface are 


xr=f,(u,v), y=f(u, v), z= (u,v), 


there is essential agreement in using as the fundamental quantities of the first 
order 


: C ry 2 C y 2 Cz 2 
. (; ) . ¢ ) ' (; ) ; 
cu ou cu 
, Ov or CY CY Oz 
F=>-—-4+25-=> x 
cu eC ( 


Yi a> 
|R 


cuecr 


u Uj “ i 
: Cx » Cy 2 Cz 2 
G = (-) +f) +{) - 
cr cr cr 


Gauss introduced as fundamental quantities of the second order 
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where 


d 
— Cy 02 Cz Cy Be C2 OX OX C2 gy _ C& CY CY Cx 
« — a : “23 ~ —_ iia a aes — o — a — ae - 
Cucr Cu er’ cucre cucr cucr cu cr 


Subsequent writers have used these quantities, divided by VEG ~— F?. 
Now the necessary and sufficient condition that the surface should be a 
minimum developable is that 2G — F? = 0, and hence for such a surface the 
fundamental quantities of the second order as last detined are meaningless, 
We shall accordingly use Gauss’s detinitions. The problem is to find surfaces 
for which 
E F (r 
D-DD 
If we place vv, r=y, as we may without loss of generality, these 
equations become equations (1) already discussed. 


Boston, FEBRUARY, 1903. 
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